Abstract: The aim of this paper is to obtain a classification of scrolls of genus 0 and 1, which are defined by a one-dimensional family of lines meeting a certain set of linear spaces in P n . These ruled surfaces will be called incidence scrolls and such a set will be the base of the incidence scroll. Unless otherwise stated, we assume that the base spaces are in general position.
Introduction: Projective ruled surfaces with the property that the generators meet a suitable number of linear spaces in P n are known classically. The first examples of this situation are the smooth quadric surface in P 3 and the elliptic quintic scroll in P 4 formed by the lines which meet five planes in general position. Although this is not so in all the ruled surfaces, there does not exist a classification of such ruled surfaces. Our purpose is to investigate the scrolls in P n whose generators meet a certain set of linear spaces in general position. The ruled surfaces so obtained will be called incidence scrolls, and such a set will be a base of the incidence scroll.
It is useful to represent a scroll in P n by a curve C ⊂ G(1, n) ⊂ P N . The lines which intersect a given projective space P r in P n are represented by the points of the Schubert variety Ω(P r , P n ). Each Ω(P r , P n ) is the intersection of G(1, n) with a certain linear space in P N . Since G(1, n) has dimension 2n − 2 and we need a curve, we must impose 2n − 3 linear conditions on G(1, n). Consequently, the choice of linear spaces is not arbitrary. Any set of linear spaces in P n which imposes 2n − 3 linear conditions on G(1, n) is the base of a certain incidence scroll. The background about Schubert varities can be found in [5] .
We will expose a method to know when a scroll is determined by incidences. The affirmative solution would allow us to obtain a unique base for each incidence scroll. This is possible because the families of directrix curves provide a natural and intrinsic characterization of the incidence scrolls.
Our first step will be to give some general properties of ruled surfaces. For more details we refer the reader to [3] . We do it in section 1, where we define a particular class of surfaces, the scrolls. In section 2, having introduced the notion of incidence scroll, we have compiled some basic properties of such a scroll. The degree of the scroll given by a general base is provided by Giambelli's formula. Section 3 is devoted to the study of deformations of a given incidence scroll. These form a powerful tool for obtain a finite family of incidence scrolls from a given one. If the incidence scroll R d g ⊂ P n breaks up into R d1 g1 ⊂ P r and R d2 g2 ⊂ P s with δ generators in common, then d = d 1 + d 2 and g = g 1 + g 2 + δ − 1. Sections 4 and 5 contain our main results about rational and elliptic incidence scrolls. In the former section, we show that the only rational scrolls determined by incidences are those of general type and those with a directrix line. In the latter section, we give all the elliptic incidence scrolls. In each case, we find the base of the scroll. By using Bertini's theorem and some results from the algebraic families of varieties, we will determine a large number of incidence scrolls.
It is to be expected that the treatment of general case will be answer shortly. A paper on incidence scrolls in P n is to be written. The results on this paper belong to the Ph.D. thesis of the first author whose advisor is the second one.
Ruled Surfaces
Throughout this paper, the base field for algebraic varieties is C. Let P n be the n-dimensional complex projective space and G(1, n) the Grassmannian of lines in P n . Then R d g ⊂ P n denotes a scroll of degree d and genus g. We will follow the notation of [3] .
A ruled surface is a surface X together with a surjective morphism π: X −→ C to a (nonsingular) curve C such that the fibre X y is isomorphic to P 1 for every point y ∈ C, and such that π admits a section. There exists a locally free sheaf E of rank 2 on C such that X ∼ = P(E) over C. Conversely, every such P(E) is a ruled surface over C. Let O X (1) be the invertible sheaf O P(E) (1) . Then there is an one-to-one correspondence between sections σ: C −→ X and surjections E −→ L −→ 0, where L is an invertible sheaf on C, given by σ
It is possible to write X ∼ = P(E) where E is a locally free sheaf on C with the property that H 0 (E) = 0 but for all invertible sheaves L on C with degL < 0, we have H 0 (E ⊗ L) = 0. In this case we say E is normalized. Let e be the divisor on C corresponding to the invertible 2 E, so that e = −dege. Furthermore there is a section σ 0 :
If b is any divisor on C, then we denote the divisor π ⋆ b on X by bf, by abuse of notation. Thus any element of Pic(X) can be written aC o + bf with a ∈ Z and b ∈ Pic(C).
A scroll is a ruled surface embedded in P N in such a way that the fibres f have degree 1. If we take a very ample divisor on X, D ∼ aC o + bf, then the
) determines a scroll when D · f = a = 1. Throughout this work, we will restrict our attention to very ample divisors so that Φ D (X) be a scroll.
Bertini's theorem asserts that if ∧ is a reduced linear system on a complete nonsingular variety V such that dim(Φ(V )) ≥ 2, then the generic element of ∧ is irreducible (see [4] , p.252).
Finally, a family of closed subschemes f : X ⊂ T × P n −→ T is flat if and only if the Hilbert polynomials of the fibres are the same and hence also the arithmetic genus. Every algebraic family of normal varieties parametrized by a nonsingular curve T over an algebraically closed field is a flat family of schemes. For any flat family, having a point t ∈ T with X t ∼ = X 0 , we say that X is a (global) deformation of X 0 .
Definition of Incidence Scroll
Definition 2.0.1 A scroll R ⊂ P n is said to be an incidence scroll if R is generated by the lines which meet a certain set of linear spaces in P n . Such a set is called a base of the incidence scroll.
, there is another definition of incidence scroll which is equivalent to the previous one. Definition 2.0.2 A scroll R ⊂ P n is an incidence scroll if the correspondent curve in G(1, n) is an intersection of Schubert varieties Ω(P r , P n ), 0 ≤ r < n−1.
The plane can be obtained as incidence scroll in P n if we take B = {P 0 , n − 2 P n−2 }. If we want to see it as nondegenerate surface, we must work in P 2 with B = {P 0 } (i.e., P 1 = Ω(P 0 , P 2 )). In general, one might think that an incidence scroll has a unique base. If we consider P 2 as nondegenerate surface embedded in P 2 , then the base is unique but there are no directrix curves which are contained in the base point. Therefore, we will work under the hypothesis n ≥ 3.
We are interested in incidence scrolls where the base is formed by linear spaces in general position. Therefore, unless otherwise stated, we will work with general base spaces. Such a base will be denoted by:
or we will write it simply B when no confusion can arise, where
Some relevant properties of incidence scrolls will be indicated. These are elementary but of great importance if we want to develop a theory about incidence scrolls.
1. A hyperplane does not impose conditions on G(1, n) because Ω(P n−1 , P n ) = G(1, n). Then we can assume n r ≤ n − 2.
2. If among the base spaces of an incidence scroll there are a P r and a P s such that r + s < n− 1, the scroll is contained in P r+s+1 . Under the above assumptions, Ω(P
3. If every dimension of the base spaces is equal to n − 2, then we will need exactly 2n − 3 P n−2 's. The proof of this is immediate if we use G(1, n) ⊂ P N and the Schubert varieties Ω(
is the intersection of G(1, n) and a certain linear space in P N . Moreover, such a linear space is a hyperplane if and only if we have n i = n − 2. Setting n 1 = n 2 = · · · = n r = n − 2, we know that the lines in P n which meet any P ni are represented by the points of the Schubert variety Ω(P n−2 , P n ). Since we need a curve in G(1, n), we must take 2n
is the Schubert variety corresponding to the intersection of G(1, n) and a hyperplane H i ).
An easy computation shows that if at least one linear space P ni satisfies n i < n−2, then it is equivalent to n−n i −1 P n−2 's. Each Ω(P ni , P n ) is the intersection of G(1, n) and a certain linear space which is the intersection of n − n i − 1 hyperplanes through it. Hence
Moreover, if a finite intersection of Schubert varieties
, then it is a curve C ⊂ G(1, n) which represents an incidence scroll in P n .
A nondegenerate (irreducible) incidence scroll cannot have double points.
In other case, if P is a double point, there are two generators of the scroll g 1 , g 2 through P . Thus, the incidence scroll is degenerate, containing the plane pencil determined by them. In G(1, n), we have
5. The generators of the scroll meet each base space in points of a directrix curve.
6. The degree of the scroll can be calculated by a one-to-one correspondence between any two of the directrix curves. It can also be computed by Giambelli's formula, i.e., it is the number of lines in P n which intersect P n1 , P n2 , · · · , P nr and a generic P n−2 . If deg(R) = d, then we have the following equality of Schubert cycles: Ω(n 1 , n) · · · Ω(n r , n) = dΩ(0, 2).
From now on, we will talk about a decomposable incidence scroll if the corresponding ruled surface X = P(E) has E decomposable. If E is indecomposable, then we will talk of an indecomposable incidence scroll. Moreover, it is easy to check that if R d g ⊂ P n is an incidence scroll then it is indecomposable if and only if P n1 ∩ P n2 = ∅.
3 Degeneration
be an incidence scroll with base B. Suppose that P ni and P nj lie in a hyperplane P n−1 and have in common P m , m = n i + n j − n + 1. Then the scroll breaks up into two incidence scrolls (which are possibly degenerate):
Proof. By assumption we have a scroll formed by the lines which pass through P m and a scroll generated by the lines which intersect the base spaces and lie in P n−1 . The three scrolls are represented by curves C =
) because every one of them satisfies (IS).
We can assume P = (1, 0, · · · , 0) ∈ R d g ⊂ P n and that P / ∈ P ni and P / ∈ P nj . For each a ∈ A 1 , consider the morphism σ a of P n defined by σ a ((
We have in G(1, n) a short exact sequence:
an incidence scroll in P n . If we want to obtain another curveĊ which is an intersection of Schubert varieties with the same genus, thenC must be a line, there is only one generator in common and
. This is not so in the other cases because if k = i, j, then the directrix curve in P n k has degree d k (an easy computation of Schubert cycles).
We shall refer to this particular degeneration as join P ni and P nj and to the inverse as separate P ni and P nj .
Incidence Rational Scrolls
Let X = P(E) be a ruled surface. We say that X is a rational ruled surface if C ∼ = P 1 . One sees immediately that X 0 = P 1 × P 1 with its first projection is a rational ruled surface. Each rational ruled surface is isomorphic to X e = elem (P1,···,Pe) (X 0 ) with a suitable number e ≥ 0. The integer e is an invariant of X e . Moreover, for each e ≥ 0 there is exactly one rational ruled surface with invariant e, given by Let H be a very ample divisor on X e and let Φ H be the closed immersion defined by |H|. Then we know that Φ H (X e ) is a scroll if and only if H ≡ C o +nf with n > e. To see a more complete theory of rational ruled surfaces we refer the reader to [3] and [6] .
The aim of this chapter is to study all the incidence rational scrolls. For this, we can now formulate a theorem as follows. 
We will divide its proof into a sequence of propositions.
Rational Scrolls with a Directrix Line
It is clear that an incidence scroll with P 1 as base space is a rational scroll. The following proposition gives all rational normal scrolls with a line as directrix. The affirmation is not true if normal is deleted from the hypothesis. For example, R 3 0 ⊂ P 3 , which has a double line, is not an incidence scroll if the base spaces are in general position.
Proposition 4.1.1 In P n the incidence scroll with base B n = {P 1 , n− 1 P n−2 } is the rational normal scroll of degree n − 1 with a line as minimum directrix.
Proof. We proceed by induction in n. The proposition is true in P 3 . In this case, the scroll is the quadric surface in P 3 . Supposing the proposition true in P n , we prove it for n + 1. We can add a hyperplane to the base without affecting the scroll. Separating P 1 and P n−1 , as in 3.0.1, we obtain a base B n+1 = {P 1 , n P n−1 } which defines R n 0 ⊂ P n+1 as incidence scroll. 
Rational Scrolls of General Type
Moreover, if X e is general of degree d, then the minimum degree of the directrix curves is equal to 
Proof.
e=0: We will see that in P 2n+1 the incidence scroll generated by B = {3 P n , P n+1 } is in fact R 2n 0 ⊂ P 2n+1 . This incidence scroll have directrix curves in each P n of degree m and a directrix curve in P n+1 of degree m ′ . Then:
1. m ′ is the number of lines in P 2n+1 which meet 4 P n 's. Call this number z n .
2. if we take a hyperplane P 2n ⊂ P 2n+1 through the base P n+1 , then we can calculate m as the number of generators of the scroll which meet P 2n in points of the base P n . To obtain this number we consider two cases: either the generators lie in P 2n or they do not. In the former case, we have the lines in P 2n−3 which meet 4 P n−2 's therein. The number of these lines is z n−2 . In the latter case, this number is equal to the number of lines through P n ∩ P n+1 , which meet the other 2 P n 's. Thus m = z n−2 + 1.
Therefore deg(R) = m + m ′ − 1 = 2m =⇒ z n = z n−2 + 2. But z n is the number of lines meeting 4 P n 's in P 2n+1 , i.e., by Schubert calculus, z n = n + 1. Then deg(R) = 2n. Moreover, a scroll of degree 2n in P 2n is necessarily rational and normal.
e=1: Since R 2n−1 0 ⊂ P 2n is of general type, it has one minimum directrix curve. Then we can take as base space a P n−1 which contains it. Choose 3 P n 's in general position containing other 3 directrix curves C n+1 0
. This is possible because h 0 (O X1 (C o + f )) = 3. By Proposition 4.0.2 and Bertini's Theorem we know that |C o + f | has irreducible curves and that the generic is irreducible.
We conclude it from 3.0.1, joining 2 P n of case 1.
Rational Scrolls which are not Incidence Scrolls
Proposition 4.3.1 Let H ∼ C o + nf be a very ample divisor on X e with n > e + 1 > 2. Then Φ H (X e ) = R 2n−e 0 ⊂ P 2n−e+1 cannot be obtained by incidences.
Proof. The image of C o is a rational normal curve of degree n − e and the other directrix curves lie in spaces of dimension ≥ n. If the scroll R 2n−e 0 ⊂ P 2n−e+1 is an incidence scroll, then there is a P n−e between the elements of the base. To see this, let B be a base where r i=1 (2n − e − n i ) = 4n − 2e − 1 and n ≤ n i ≤ 2n − e − 1. Since the scroll has a minimum directrix C n−e 0 ⊂ P n−e , we can take a generic hyperplane P 2n−e through P n−e so that R 2n−e 0 ∩ P 2n−e = C n−e 0 + g 1 + · · · + g n (g i denotes a generator). Then there are n lines in P 2n−e which meet P n1−1 , P n2−1 , · · · and P nr −1 . Since P ni−1 imposes 2n − e − n i independent conditions, dim(G(1, 2n − e)) − ( r i=1 (2n − e − n i )) = −1, which is impossible. P n−e imposes n conditions on the family of lines in P 2n−e+1 . Then we can consider more subspaces to form the base. The following directrix curves of the scroll are given by |C o + ef | which has dimension e + 1 ≥ 3 (its generic curve is irreducible).
There is a P n ∈ B. For otherwise, suppose B = {P n−e , P n1 , · · · , P nr } with n < n i ≤ 2n − e − 1. Then we can take a hyperplane P 2n−e such that C n 0 ⊂ P n ⊂ P 2n−e and arguments similar to the above imply that B is not the base of R 2n−e 0 ⊂ P 2n−e+1 . In this way we can see that if n + (e + 2)(n − e) ≤ 4n − 2e − 1, then there are e + 2 P n 's in B containing other e + 2 directrix curves of degree n which are linearly independent. Under the above hypotheses, we have n + (e + 2)(n − e) > 4n − 2e − 1( ⇐⇒ 1 < e < n − 1). Then: n + (η)(n − e) ≤ 4n − 2e − 1 ( * ) n + (η + 1)(n − e) > 4n − 2e − 1 for a suitable number η such that 1 < η < e + 2. An argument similar to the above one shows that there are η P n 's in the base.
Then B = {P n−e , η P n , P n1 , · · · , P nr } with n + 1 ≤ n i ≤ 2n − e − 1 is base of an incidence scroll, which is not rational. In other case, joining base spaces, we find a rational scroll in P 4 , obtained by Proposition 4.1.1, but with a different base, which is impossible. If (*) is an equality, we apply this argument again, with B replaced by {P n−e , η P n }. Note that we can project to any P n−k , and so join two base spaces, because the scroll is rational and, in particular, decomposable, i.e., P n1 ∩ P n2 = ∅. Then no the rational scroll has a base which defines it as incidence scroll.
From Propositions 4.1.1, 4.2.1 and 4.3.1, we obtain the proof of Theorem 4.0.1. In these proofs, we have built a base for each incidence rational scroll in P n . It is easy notice that if a rational scroll is an incidence scroll, then there is really only one way to choose a base, i.e., its base is unique. Table 1 contains all the incidence rational scrolls up P 8 . 
, R is an incidence scroll if and only if
Example 4.3.1 Consider R 6 0 ⊂ P 7 with a directrix conic, a three-dimensional family of directrix quartics and a five-dimensional one of directrix quintics. This surface is a projective model of X 2 by H ∼ C o + 4f . If we apply Corollary 4.3.1, then we see that it is not an incidence scroll because 4 + 4(4 − 2) = 2 · 7 − 3.
Incidence Elliptic Scrolls
Let X = P(E) be a ruled surface over a elliptic curve C. Let d be a divisor on C. Then:
2n−e−1 .
Decomposable incidence elliptic scrolls
Let X = P(E) be a ruled surface over an elliptic curve C, defined by a normalized
and let H ∼ C o + bf be a very ample divisor on X.
We denote the scroll briefly by R. We want to know if such a scroll is an incidence scroll. For this we need a base B. Since such a base is formed by linear spaces which contain directrix curves of the scroll, we begin to study the families of directrix curves in R. Let C o be the minimum directrix. The image of C o by Φ H is a directrix curve of type C n−e 1 ⊂ P n−e−1 .
Lemma 5.1.1 If R is an incidence scroll, then the P n−e−1 which contains a minimum directrix is a base space.
Proof. Proceed analogously to the proof of Proposition 4.3.1
Consider e ≥ 1. Since h 0 (O X (C o )) = 1, there does not exist another directrix curve of minimum degree. The following directrix curves of the scroll are linearly equivalent to C o − ef and, by H, are directrix curves of degree n. Since h 0 (O X (C o − ef)) = e + 1 ≥ 2, we show that there are e + 1 linearly independent directrix curves C ∼ C o − ef, which generate |C o − ef|.
Lemma 5.1.2 If R is an incidence scroll, then there are e + 1 P n−1 's in B, whenever possible, i.e., if n − 1 + (e + 1)(n − e − 1) ≤ 4n − 2e − 5 (e ≥ 1).
Proof. We prove that there are i + 1 P n−1 's as base spaces i = 0, · · · , e. Let B = {P n−e−1 , P n1 , P n2 , · · · , P nr } be a base of the scroll with n − 1 = n 1 ≤ · · · ≤ n r ≤ 2n − e − 3 where there are i base spaces of dimension n − 1. Since the scroll has at least one directrix curve C n 1 ⊂ P n−1 / ∈ B, which is linearly independent from the other directrix curves contained in base spaces of dimension n − 1, we can take a generic hyperplane P 2n−e−2 through P n−1 such that R ∩ P 2n−e−2 = C n 0 + g 1 + · · · + g n−e .Then there are n − e lines in P 2n−e−2−i which meet P n−e−2 , P n1−i , · · · , P ni−i , P ni+1−i−1 , · · · and P nr −i−1 , which it is impossible.
For e = 1, the following directrix curves are divisors C ∼ C o + (P + Q)f, P, Q ∈ C. Since h 0 (O X (C o + (Q − e)f)) = 3, we show that the generic curve is irreducible. For n ≥ 5, we can see that one P n−2 , 2 P n−1 's and one P n are in B, i.e., we impose 4n − 8 independent conditions on G(1, 2n − 2) so that B = {P n−2 , 2 P n−1 , P n , P 2n−4 } is base of an incidence scroll. Such a scroll is of type R 4n−9
n−3 ⊂ P 2n−2 (see Remark 5.1.3) which is not elliptic. For n = 4, B = {P 2 , 2 P 3 , 2 P 4 } is the base of R Then Φ H (X) is not an incidence scroll.
For e = 2, we only need another condition, i.e., B = {P n−3 , 3P n−1 , P 2n−5 }. Such a scroll is R For e = 3, we have seen that if R is an incidence scroll, then a P n−4 and 4 P n−1 's are in B. If n = 6, B = {P 2 , 4 P 5 } is base of R 9 1 ⊂ P 8 . In the other cases, R is not an incidence scroll (see Proposition 4.3.1 for a similar case).
For e ≥ 4, we have n − 1 + (e + 1)(n − e − 1) > 4n − 2e − 5. Consequently, we cannot take e + 1 P n−1 's as base spaces because these impose too many conditions on G(1, 2n − e − 1). Since n − 1 < 2n − e − 3, we conclude (as in Proposition 4.3.1) that R is not an incidence scroll.
Remark 5.1.1 We have seen that, in P N , if the base space of greater dimension is P N −2 's, then it is not necessary to take the number of linearly independent directrix curves. From this, we need to show if n − 1 < 2n − e − 3.
Proposition 5.1.1 Let X = P(E) be a ruled surface over an elliptic curve C, defined by a normalized bundle E ∼ = O C ⊕ O C (e) with deg(−e) ≥ 4. Then X admits no projective models as incidence scrolls.
We now evaluate the case e = 0. There are two choices of the divisor e.If e ∼ 0 then there is a one-dimensional family of directrix curves of degree n.
Lemma 5.1.3 If R is an incidence scroll, then there are 3 P n−1 's in B (e ∼ 0).
The following directrix curves are in a linear system
. By Bertini, we know that it has irreducible curves and that so is the generic curve. If R is an incidence scroll, then:
1. n = 3: no three P n−1 's suffice and another P n−1 imposes too many conditions; 2. n = 4: B = {3 P 3 , 2 P 5 } generates R The following directrix curves are in linear systems |C o + (P + e)f| and
. As in the proofs described above we can see that, if R is an incidence scroll, there are 2 P n 's as base spaces. Then B = {2 P n−1 , 2 P n , P 2n−3 } and the incidence scroll has degree 4n − 6 and genus n − 2, which (see Remark 5.1.3) is elliptic if and only if n = 3.
Remark 5.1.2 If we want to extend the study of incidence elliptic scrolls to incidence scrolls of genus g, then we must consider the following properties.
1. If the scroll has a unique directrix curve of minimum degree, then the space which contains it is in B.
2. If the scroll has two minimum directrix curves, then the two spaces which contain these curves are in B.
3. If the scroll has an one-dimensional family of minimum directrix curves, then the base has three spaces which contain three of these curves.
Remark 5.1.3 In this chapter we have used the existence of the following incidence scrolls:
If we suppose P n ∪ P 2n−3 = P 2n−2 , i.e., P n ∩ P 2n−3 = P n−1 , then the scroll breaks up into R 2n−2 0 ⊂ P 2n−1 with base {3 P n−1 , P n } and R 2n−4 0 ⊂ P 2n−3 with base {3 P n−2 , P n−1 } and n − 1 generators in common. It follows that d = 2n − 2 + 2n − 4 = 4n − 6 and g = n − 2.
n−3 ⊂ P 2n−2 ; apply 3.0.1 to a P n−1 and a P n in B 1 and write n instead of n − 1.
⊂ P 2n−3 ; apply 3.0.1 to P n−2 and P n in B 2 and write n instead of n − 1.
• B 4 = {3 P n−1 , P n+1 , P 2n−3 } =⇒ R 4n−8 n−3 ⊂ P 2n−1 ; apply 3.0.1 to 2 P n−1 's in B 2 .
Indecomposable incidence elliptic scrolls
Let X = P(E) be a ruled surface over an elliptic curve C, corresponding to an indecomposable E. Then e = 0, −1 and there is exactly one ruled surface over C for each of these values of e. Let H ∼ C o + bf be a divisor with deg(b) = n ≥ e + 3, which defines Φ H : X −→ R 2n−e 1 ⊂ P 2n−e−1 . We want to know if such a scroll is an incidence scroll. For this, we need to find a suitable number of base spaces in P 2n−1 whose dimension is ≤ 2n − e − 3 Let X = P(E) be a ruled surface corresponding to E ∈ Ext 1 (O C , O C ). Since C 2 0 = 0 and X is indecomposable, there is a unique directrix of minimum degree equal to n. For any P ∈ C, h 0 (O X (C o + P f )) = 2. Then we have an onedimensional family of directrix curves of degree n + 1, for any P ∈ C. Two curves of degree n + 1 are linearly equivalent if and only if these belong to the same family.
We can think that we need 2 P n 's as base spaces for each P ∈ C, unless n = 2n − 3. The base of an incidence scroll is finite so there is only one possible base B = {P 2 , 5 P 3 }. But it generates the scroll R 9 1 ⊂ P 5 . Hence there are no indecomposable elliptic scrolls with e = 0 defined by incidences.
Let X = P(E) be a ruled surface corresponding to E ∈ Ext 1 (O C (P ), O C ). Then Φ H (C o ) is a directrix curve of degree n + 1. If D is a section with D 2 = 1, then D ∼ C o + (δ − e)f with deg(δ) = 1. In fact, the sections C o with C 2 o = 1 form a one-dimensional algebraic family parametrized by C such that no two of them are linearly equivalent. Consequently, there is only one incidence scroll. This happens when n = 2n − 2. So Φ H (X) = R 5 1 ⊂ P 4 is an incidence scroll with base B = {5 P 2 }. In Table 2 we have compiled all incidence elliptic scrolls. The interest of this table is that each scroll is a degenerate scroll of the remainder of them. 
